Abstract. The boundary value problem of determining the parameter of an elliptic equation
Introduction
Theory and methods of solutions of inverse problems of determining the parameter of a partial differential equations have been extensively studied by several researchers (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and references therein). It is important that several inverse problems of determining the parameter of partial differential equations can be reduced to nonlocal boundary value problems for partial differential equations (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and the literature cited therein). Well-posedness of nonlocal boundary value problems for elliptic type differential and difference equations was studied in a number of papers (see [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and the bibliography therein). In the present study, we consider the following local boundary value problem for an elliptic equation in an arbitrary Banach space E: −u tt (t) + Au(t) = f (t) + p, 0 < t < T, u(0) = ϕ, u(T ) = ψ, u(λ) = ξ, 0 < λ < T,
with a positive operator A and the unknown parameter p. Here ϕ, ψ, ξ ∈ D(A).
c Vilnius University, 2014 Let us F (E) is the some space of smooth E-valued functions on [0, T ]. We say that (u(t), p) is the solution of problem (1) in F (E) × E 1 if the following conditions are fulfilled:
(i) u (t), Au(t) ∈ F (E), p ∈ E 1 ⊂ E; (ii) (u(t), p) is satisfies the equation and boundary conditions (1) .
Problem (1) was considered in [13] . The solvability and uniqueness under some condition for operator A were proved. The well-posedness of this problem in a Hilbert space with the self-adjoint operator A was studied in the paper [3] .
By substituting u(t) = v(t) + A −1 p
into (1), we can reduce inverse problem to solving auxiliary nonlocal boundary value problem for v(t)
−v tt (t) + Av(t) = f (t), 0 < t < T,
Here p is the unknown element defined by formula
After substituting representation formula (see [4] ) for solution of boundary value problem for elliptic equation with Dirichlet condition to boundary conditions of auxiliary nonlocal boundary value problem (3), we can get representation of its solution:
where
We denote by C(E), the space of continuous E-valued functions ρ(t) defined on the segment [0, T ] and equipped with the norm
We introduce notations for the following operators:
Here 0 t T , 0 < λ < T . Applying (2), (4), (5), (6) and (7), we can obtain the following presentation of the solution (u(t), p) of inverse problem (1):
Let us C α,α
is the Banach space obtained by completion of the set of smooth E-valued functions ρ(t) on [0, T ] in the norm
From positivity of operator A in Banach space E it follows that B = A 1/2 is strongly positive operator in E. Hence, the operator −B is a generator of an analytic semigroup exp{−tB} (t 0) with exponentially decreasing norm (see [29] ) as t → ∞, i.e., for some M (B) ∈ [1, +∞), α(B) ∈ (0, +∞) and t > 0, the following estimates are valid:
Let us give lemmas which we need in future.
Lemma 1. For any 0 < t < t + τ < T and 0 α 1, one has inequality [29] exp(−tB)
where M does not depend on α, t and τ .
Lemma 2. The following inequalities hold:
Proof. Inequalities (14) and (15) directly follows from (10), (11), (12) and (13) . Let us prove (16). For 0 < t < t + τ , we have
Applying (10), (11), (12) and (13), we can get, for 0 < t < t + τ ,
From last inequalities, (15) and definition of space C α,α
0T (E) we obtain (16) .
In the present paper, the exact estimates for the solution of problem (1) in the Hölder norms are obtained. In applications, the exact estimates are established for the solution of the boundary value problems for multi-dimensional elliptic equations with the parameter.
C α,α
0T (E)-estimates for the solution of (1)
0T (E), 0 < α < 1. Then the following estimates are satisfied for the solution (u(t), p) of inverse problem (1) in C(E) × E:
where M is independent on α, u(0), u(λ), u(T ) and f (t).
Proof. First, we estimate u. We can rewrite (8) in the following form:
By using Caushy-Schwarz and triangle inequalities, we have
Applying (14), (15), we get
Now we estimate Q 4 (t). From Caushy-Schwarz and triangle inequalities it follows that
By using (10), (13)- (15), we obtain that
In a exactly similar manner, we can get inequalities for Q 5 (t), Q 6 (t):
Now let us estimate Q 7 (t).
It is easy to see that
By using (10), (14), (15), we get
In a similar manner, we can obtain estimate for Q 8 (t):
Combining estimates for Q k (t), k = 1, . . . , 8, we obtain estimate (19) . Second, we estimate A −1 p. We can rewrite (9) in the following form:
From (24), (10), (11), (14), (15), Caushy-Schwarz and triangle inequalities it follows that
Third, we estimate p. Applying (13)- (15), (23), we show estimate (21) :
Therefore, Theorem 1 is proved.
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holds, where M is independent of α, u(0), u(λ), u(T ) and f (t).
Proof. By using (22), we can get
T t e −(s−t)B I − e −2tB ds f (t)
Let us estimate S i (t), i = 1, . . . , 13, separately. We start with S 1 (t). From esimates (14) , (15) it follows that, for 0 t T ,
Further, by using (17), (18) and triangle inequality, we show that, for 0 < t < t + τ < T ,
So, we have proved
In a similar manner, we can establish estimates for S 2 (t) and S 3 (t):
Now let us estimate S 4 . It easy to show that
From last one, applying (15) and (10), we can get that, for 0 t T ,
From this inequality we have
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it follows that
−(T −t−τ )B E→E
I − e
for 0 < t < t + τ < T . From last estimate and (10), (13)- (15), (17), (18) we obtain that
Therefore, we have proved
In a similar manner we can show estimates for S 5 (t), S 6 (t), S 7 (t), S 8 (t):
0T (E) . Now we estimate S 9 . We can rewrite S 9 in the form
For operator W (t), the following estimates are valid (see [29, pp. 213-218, (5.17), (5.19)]):
Applying (10), (12), (14), (15), (27), we can get that, for 0 t T ,
0T (E) . By using (10), (12), (14), (15), (28), we obtain
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Estimates S 10 , S 11 , S 12 and S 13 will be established in the same manner. Hence, we have
Finally, combining estimates S k , k = 1, . . . , 13, and inequality (21), we get estimate
By the triangle inequality, this last inequality, (21) and differential equation of problem (1) yields
Therefore, Theorem 2 is proved.
We denote by C α,α
0T ([0, T ], E), 0 < α < 1, the Banach space obtained by completion of the set of smooth E-valued functions ρ(t) on [0, T ] in the norm
In exactly similar manner as Theorem 1, we can establish the following result.
Theorem 3. Suppose that A is a positive operator in Banach space
Applications
In this section, we consider applications of abstract Theorems 1 and 2. First, we consider the boundary value problem on the range {0 t T, x ∈ R n } for 2m-order multidimensional elliptic equation
where a r (x) and ϕ(x), ψ(x), ξ(x) are given sufficiently smooth functions and a r (x) > 0, δ > 0 is the sufficiently large number. Suppose that the symbol
of the differential operator of the form
acting on functions defined on the space R n , satisfies the inequalities
for ζ = 0. So, we have boundary value problem in a Banach space E = C µ (R n ) of all continuous bounded functions defined on R n satisfying a Hölder condition with the indicator µ ∈ (0, 1) and with a strongly positive operator A x = B x + δI defined by (31).
Theorem 4. For the solution of boundary value problem (30), the following coercive estimate is valid:
where 0 < α < 1, 0 < µ < 1, M (µ) is independent of α, ϕ(x), ξ(x), ψ(x) and f (t, x).
The proof of Theorem 4 is based on the abstract Theorems 1, 2 and the positivity of the operator A x in C µ (R n ), the structure of the fractional spaces E α ((A x ) 1/2 , C(R n )) [29] and the coercivity inequality for an elliptic operator A x in C µ (R n ) [30] . Second, let Ω = (0, 1) × · · · × (0, 1) be the open cube in the n-dimensional Euclidean space with boundary S, Ω = Ω ∪ S. In [0, T ] × Ω, we consider the mixed boundary value problem for multidimensional elliptic equation
where a r (x) (a r (x) > 0, x ∈ Ω) and ϕ(x), ψ(x), ξ(x) (x ∈ Ω) are sufficiently smooth functions, δ > 0 is the sufficiently large number.
We denote by C β 01 (Ω) (β = (β 1 , . . . , β n )), the Banach spaces of all continuous functions satisfying a Hölder condition with the indicator β and with weight
It is known that the differential expression
defines a positive operator A x acting on C
(Ω) and satisfying the condition u = 0 on S. Therefore, using results of abstract Theorems 1 and 2, we can obtain the following statement.
Theorem 5. For the solution of boundary value problem (32), the following coercive estimate is satisfied: 
where 0 < α < 1, µ = (µ 1 , . . . , µ n ), 0 < µ i < 1, 1 i n. M (µ) is independent of α, ϕ(x), ξ(x), ψ(x) and f (t, x).
Third, in [0, T ] × Ω, we consider the mixed boundary value problem for the multidimensional elliptic equation 
Conclusion
In the present paper, the well-posedness of the boundary value abstract elliptic problem with the unknown parameter in Holder spaces with a weight is established. In practice, new Schauder type exact estimates in Holder norms for the solution of three boundary value problems for elliptic equations with the unknown parameter are obtained. Moreover, applying the result of the monograph [29] the high order of accuracy two-step difference schemes for the numerical solution of the boundary value elliptic problem with the unknown parameter can be presented. Of course, the coercive stability estimates for the solution of these difference schemes have been established without any assumptions about the grid steps.
